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Abstract 

In this paper, we study the structure of the limit space of a sequence of almost Einstein 
manifolds, which are generaUzations of Einstein manifolds. Roughly speaking, such mani- 
folds are the initial manifolds of some normalized Ricci flows whose scalar curvatures are 
almost constants over space-time in the L' -sense, Ricci curvatures are bounded from below 
at the initial time. Under the non-collapsed condition, we show that the limit space of a se- 
quence of almost Einstein manifolds has most properties which is known for the limit space of 
Einstein manifolds. As applications, we can apply our structure results to study the properties 
of Kahler manifolds. 



Contents 

1 Introduction 

2 Elementary estimates @ 

3 A pseudo-locality theorem @ 



4 Curvature, distance and volume estimates ll6 



5 Structure of limit space |27 



5.1 Riemannian case 28 



5.2 Kahler case 32 



6 Examples |34 



.1 Smooth minimal varieties of general type l34 



6.2 Fano manifolds 36 



•Partially supported by NSF grant DMS-0804095. 

tSupported by NSF grant DMS-1006518 and funds from SCGP. 



1 



1 Introduction 



The regularity theory for non-collapsed Einstein manifolds has attracted many studies in last two 
decades, e.g., 13, Q, |[36l . |[6l . fTl etc. This theory and its extensions have played a crucial role 
in Kahle geometry, e.g., in constructing canonical metrics on Fano surfaces (c.f. |[36l . fl4l ). 

Motivated by the study in Kahler geometry, in this paper, we prove new regularity results on 
the Gromov-Hausdorff limits of Riemannian manifolds with Ricci curvature bounded from below 
and which are weakly Einstein in an appropriate sense. 

To be precise, we assume that (Xi, Xj, gi) is a sequence of non-collapsed Riemannian manifolds 
of dimension m such that Ric > -{m - 1). The well-known Gromov compactness theorem states 
that by taking a subsequence if necessary, (X,-, g,) converges to a length space (x,x,g^ in the 
Gromov-Hausdorff topology. A basic problem in the metric geometry concerns the regularity 
of the limit (jC, x, g^. Note that g is merely a length function in the Gromov compactness theorem. 
The fundamental work of Cheeger-Colding [6J shows initial and crucial structure properties for 
{x, X, g). In particular, it follows from 161 that tangent cones exist at every point y e X. Using 
these tangent cones, they gave a regular-singular decomposition of X. A point 3^ e X is called 
regular or belongs to the regular- part H if every tangent cone at y is isometric to the Euclidean 
space (R'",0, gs)- A point y € X is called singular or belongs to the singular part S if it is not 
regular, i.e., at y, there exists some tangent cone iY,y,g^ which is not isometric to the Euclidean 
space. Clearly, we have X -HVJ S.\n general, it is unknown if H is open and even if it is open, it 
may not be a manifold and g may not arise from a Riemannian metric in any classical senses. It is 
expected in general cases that % has only locally Lipschitz structures at most. If gi has uniformly 
bounded Ricci curvature, then Cheeger-Colding proved that H is an open manifold and S has 
Hausdorff codimension at least 2. Moreover, g is a C''"-smooth metric. Furthermore, if iXj,gi) 
is an Einstein manifold, then the convergence to X restricted to K is actually in the C°°-topology 
and g is a smooth Einstein metric in "R because of the regularity results from the PDF theory. 
However, in general, even if the convergence is weak, K can still possibly be a smooth manifold. 
In this paper, we study when the limit can have smooth K and g is an Einstein metric even if 
the convergence (X,-, Xi, gi) — > ^X, x, g^ is only in the weak topology, say the Gromov-Hausdorff 
topology. Our study is analogous to the standard regularity problem in studying weak solutions for 
PDEs. In the case of the Einstein equation, because of its invariance under diffeomoiphisms, there 
is not a good notion of weak solutions. Therefore, we first need to make clear what we mean by 
Einstein metrics in the weak sense. Now let us introduce the notion of almost Einstein manifolds 
we want to study. 



Definitionin 1. A sequence of closed Riemannian manifolds yC!^, Xj, gjj is called almost Einstein 
if the following conditions are satisfied. 

• Ric{gi) + gi > 0. 

• Xi € Xi, and \Bg_{xi, 1)|^^^_ > k. 

d 

• The flow —g = -Ric+Aig has a solution g{t) with g{Q) - gi on X,x[0, 1], where Ai e [-1, 1] 

ot 

is a constant Moreover, Ei = Jj^ |/? - mAi\d/j.dt —> 0. 
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Note that the non-collapsed condition is included in our definition. This is because the con- 
dition ^ \R - mAjld/jg-dt — > is not sufficient for proving the following results if collapsing 
occurs. However, we will not discuss this further in the current paper. 

Clearly, if j^^ ^ |/? - mAi\dp.g.dt = 0, then this sequence is exactly a sequence of non-collapsed 
Einstein manifolds with bounded Einstein constants. Such a sequence was extensively studied 
in the literature. In fact, the condition Jj^ JJ^ |/? - mAi\d^ig.dt — > is crucial in establishing the 
regularity of H. It turns out that almost Einstein limits have most known properties of Einstein 
limits. Our first theorem is as follows. 

Theorem 1 (Structure theorem in Riemannian case). Suppose {Xf, Xi,gj) is a sequence of almost 
Einstein manifolds. Let {x, x, be a Gromov-Hausdorff limit of{Xi, Xj, gi), A be the limit of Aj. 

Then the limit space (X, x, g^ is a metric space with disjoint decomposition X = "RU S, where 
'R is the regular part ofX, S is the singular part ofX. They satisfy the following properties. 

• {R, g) is a smooth, convex, open Riemannian manifold. 

• Ricig) + Ag = 0. 

• IfO < p < I and p > 1, then J^pi^^^.^^ \Rm\PdiJ. < C(m,K,p,p). 

• Ify € S, (x, y, g^ is a tangent space ofX at the point y, then 

dcH {{Bgiy, l),g) , (S(0, l),gE)) > e{m), 
where 6(0, 1) is the standard unit ball in W". 

• dim^j-i S < m - 2. 

Note that the convexity of "R and the integral bound of \Rm\ follow directly from the work 
of |[28l and ifTOll respectively. We list these results here just for completeness of the known results 
of Einstein limit. 

We observe that if (M,-, Xj, gj) is a sequence of Kahler manifolds, then by a result of the first 

d 

author and Z. Zhang (c.f. |[39l ). the Ricci flow — g - -Ric + Ajg has a solution with g{0) - g, 

ot 

on Mi X [0, 1] so long as /l,[6t»,] -i- (e'''' - l)ci(M,) > 0, where a>,- denotes the Kahler form of g,-. 
Moreover, if /? - nAi > and its average tends to zero as / goes to infinity, then one can show that 
Ej tends to zero. Thus, the third condition of Definition [T]is essentially automatic if R-nAj > and 
its average tends to zero. This shows that the Kahler case is better behaved. A natural question is 
whether or not the same holds for general Riemannian metrics with Ricci curvature bounded from 
below. More precisely, can one solve the above Ricci flow with initial value go in [0, a] such that 
a depends only on the lower bound of Ricci curvature of go? 

The following theorem strengthens Theorem [1] for Kahler manifolds. We say that a sequence 
of closed Kahler manifolds (^M",Xi,gi,Ji^ is almost Kahler-Einstein if it is almost Einstein of 
dimension m - In and satisfies = \Ric - Aigildfig. 0. 
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Theorem 2 (Structure theorem in Kahler case). Suppose {M",Xi,gi,Ji) is a sequence of almost 
Kdhler Einstein manifolds. Let {m, x, ^ be a Gromov-Hausdorff limit of {Mi, Xi, gi), A be the limit 
ofAi. 

Then the limit space (^M, x, g^ is a metric space with the regular-singular disjoint decomposition 
M = Ku S. They satisfy the following properties. 

• There exists a complex structure J onK such that {K, g, fj is a smooth, convex, open Kdhler 
manifold. 

• Ric{g) + Ag = 0. 

• IfO < p < 2 and p > 1, then Jj^pi^^^^^ \Rm\Pdfi < C{n,K,p,p). 

• Ify e S, [m, y, ^ is a tangent space ofM at the point y, then 

dcH {{Bg{y, 1), g) , {B{0, 1), gE)) > e{2n), 

where B{0, 1) is the standard unit ball in E?". 

• dim^ S <2n - 4. 

Our proof of the above theorems is based on the works of lH, Q, Il29l et al. We need to es- 
tablish two new technical results. The first one is a pseudo-locality result (Theorem 13 .11) which is 
similar to Theorem 10.1 and 10.3 of 1291 . Basically, we need to bound curvature along the Ricci 
flow whenever the initial metric has its Ricci curvature bounded from below and the volume ratios 
of its geodesic balls are sufficiently close to the Euclidean one. Our proof for this pseudo-locality 
uses an argument due to Perelman. The second one is a delicate bound of the Gromov-Hausdorff 
distance between metrics along the Ricci flow (c.f. Theorem 14.21 ). This bound plays a role similar 
to the gap theorem for Einstein limits and is crucial for us to finish the proof of Theorem [T] and 
Theorem 121 

The organization of this paper is as follows. In Section 2, we discuss some standard estimates 
which will be repeatedly used in the whole paper. In Section 3, we prove a new pseudo-locality 
result, i.e., Theorem l3.11 Using this new pseudo-locality, we prove a gap theorem (Theorem l4.2l ) in 
Section 4. Then in section 5, we use pseudo-locality theorem, gap theorem and the fact that scalar 
curvature is almost constant to show the structure theorems in both Riemannian and Kahler cases. 
Finally, we construct examples of almost Kahler Einstein manifolds and discuss the applications 
of our structui'e theorems to Kahler geometry. 

Acknowledgment The second named author is very grateful to professor Xiuxiong Chen and 
professor Simon Donaldson for their constant support. He appreciate SCGP (Simons Center for 
Geometry and Physics) for offering him the wonderful working condition. Part of this work was 
done when the second named author was visiting BICMR (Beijing International Center of Math- 
ematical Research) during the summer of 201 1, he would like to thank BICMR for its hospitality. 
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2 Elementary estimates 



Before we go to discussion in details, let's fix some notations first. We assume X to be a closed 
Riemannian manifold of dimension m > 3, M to be a closed Kahler manifold of complex dimen- 
sion n > 2, real dimension m = 2n > 4. We denote the volume of standard unit ball in R'" by a),„. 
We say A << B for two positive quantities A and B if there is a universal small constant c = c{m) 
such that A < cB. If not mentioned in particular, the constant C may be different from line to line. 



In this paper, we often assume {{X, g{t)), <t < 1) satisfies the evolution equation 

d 

—g - -Ric + Aog (1) 
ot 

for some constant Aq with \Aq\ < 1. Note that this flow may not preserve the volume. However, by 
abuse of notation, we also call ([T|) as a normalized Ricci flow solution. Define 

I a-2.o.).(^),.f.o.O; 
\ ^(2^), if ^0-0. 

d 

Then —g = -2Ric{g), which is the (unnormalized) Ricci flow equation. Clearly, g{0) = g{0). For 

OS 

simplicity of notation, define hij ^ Rij - Aogij, H ^ R - uiAq. Simple calculation yields 



d 1 

-hij = -Ahij + Rpijcihij - hiphpj, (3) 



which implies 



Take trace of Q, we obtain 



O 1 

-\h\ < -m + \Rm\\h\. (4) 
ot 2 

^H=UH + \h\' + AoH. (5) 
Ot 2 

Define Hminit) = min H(x, t). Apply maximum principle to we obtain 

xeX 

^H,ninit) > AoH^init) ^ H,nin{t) > e'^' H,nin(0). (6) 

Ot 

In particular, the condition // > is preserved by the normalized Ricci flow ([T]l- 



It follows from ([T]) that the distance derivative with respect to time is controlled by the \Ric-Aog\ 
along the shortest geodesic. However, a more delicate analysis shows that the lower bound of the 
distance derivative depends only on the local Ricci upper bound around the end points. 

Proposition 2.1 (c.f. section 17 of IH, or Lemma 8.3(b) of lH). Suppose {iX,g(t)),0< t < 1} 
is a normalized Ricci flow solution j^g - -Ric + Aog with \Ao\ < 1. Suppose < to < \, x\,X2 are 
two points in X such that Ric{x, to) < (m - l)K when dg(tQ){x, < ro or dg(tQ){x, X2) < rQ. Then 



d 

—dg(t){XuX2) 



> i^^odg(to){xi , X2) -{m-l){^KrQ + rQ^\. (7) 



5 



Proof. Without loss of generality, one can assume Iq = 0. Then the proof is just an application of 



Suppose n is a compact manifold with boundary. The following lemmas are standard (c.f. ll26l ). 

Lemma 2.1. Suppose {X,g) is a complete manifold, xq ^ X, Q < r < 1. Suppose r~'^\B{xQ, r)\ > k 
and r^Ric > —(m — 1) in B(xo, 2r). Let Q = B(xo, r). Then the following properties are satisfied. 

• The isoperimetric constant ofQ. is uniformly bounded by Cj = Ci{m, k). 

• The Sobolev constant ofQ. is uniformly bounded by €$ - Cs{m, k). 

• The Neuman Poincare constant ofQ. is uniformly bounded by Cp - Cp{m, k). 

Lemma 2.2. Suppose {X, g) is a complete Riemannian manifold, xq e X. Suppose the following 
conditions are satisfied. 

• For every < r < 2, we have Cy^ < \B(xq, r)|r~'" < Cy. 

• The Sobolev constant ofB{xQ, 2) is bounded by €$. 

• The Poincare constant ofB{xQ, 2) is bounded by Cp. 

• \a\ + < Cp on B{xq, 2). 

Suppose (f > satisfies the inequality (-A + a)(p > ij/ in the distribution sense, then 



the renormalization equation © and Lemma 8.3(b) of 



□ 




(8) 



where C = C{m, Cy, Cs,Cp, Cp). Consequently, for every < p < I, we have 




(9) 



where C is the same constant as in dS]). 



Proof. Let (fi = (fi + Cp. We compute 





(f < C inf (fi 

B(.vo,4) 



for some C depending on m, Cy, Cs,Cp and Cp. This in turn imphes (HJ. 
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Fix < p < 1. Let g = p ^g. By the scaling property of the Laplacian operator, we see that 

(-A + £?)(/?> (A o -p~^Agip + a(p> ip -Ag {p~^<f) + P^a {p~^'f) > if'- 
Let ^ - p'^ifi, we have 

-Ag^ + p a!p> >fj. 

Consider this system under the metric g. The four estimates hold for this new system, so we obtain 

Cp<C 



which is the same as ^ since Cp = p tp 



Bj(xo,l) 

2, 



1 + inf [p\. 



Combing Lemma 12.11 and Lemma 12.21 we obtain the following Proposition, which is very 
useful in the study of boundary estimate. 

Proposition 2.2. Suppose {X,XQ,g) is a complete Riemannian manifold. Suppose < r < 
1, r~'"\B{xQ,r)\ > K, r^Ric > -{m - 1) on B{xQ,2r). Suppose (p > satisfies the inequality 
(-A + a)ip> ipfor \a\ + li/'l < Cp. Then for every < p < r, we have 



P 

for some constant C = C{m, k, Cf). 



[ <p<C\p^+ inf J, (10) 

Jb(xo,p) { B(-vo,f) ) 



3 A pseudo-locality theorem 



Under the Ricci flow, an "almost-Euclidean" region cannot become singular suddenly. This is the 
principle of pseudo-locality as stated by Perelman in section 10 of 1291 . Perelman developed some 
pseudo-locality theorems by regarding "almost" as close of isoperimetric constant and scalar lower 
bound. Of course, this is not the unique "almost-Euclidean" condition. In this section, we will 
develop similar pseudo-locality properties by explaining "almost-Euclidean" balls as balls whose 
volume ratio and Ricci lower bound is close to that of the Euclidean balls'. 

Proposition 3.1 (A pseudo-locality property, compare Theorem 10.1 and Theorem 10.3 of Perel- 

tlwre exist constants 6 - S{m, a), e - e{m, a) with the 



man 11291 ). For every < a < 
following properties. 



lOOm' 



Suppose [{X,g{t)),0 <t<\]isa Ricci flow solution, xq e X. Suppose 



Ric{x, 0) > -(m 

6' 



1)^, \f xeBg^o)(xo,S~^). 



Bg^oJxQ,6 M > (1 -6)aj„ 



Then we have 



B 



\Rm\{x, t) <at ^ + e 
where id = K'(m) is a universal constant. 



W x€ 5g(o)(xo,6), t € (0,e^], 



(11) 
(12) 

(13) 
(14) 
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Proof. We only prove (fT4l ). The proof of ([T3l) follows verbatim. 

If the statement was false, we can find a sequence of 6k, et — > 0, € such that (ITTI ) and ([T2] ) 
hold. However, ([!?] ) are violated. 

Following the proof of Perelman's pseudo-locality theorem, we can find a sequence of func- 
tions Uk which are compactly supported on B{xk, 1) and satisfy (See the end of the proof of Theo- 
rem 10.1 of 1251): 

r uk = \, (15) 
^^\^fk\^+fk-m\uk<-r]<0, (16) 



r (^|VAl'+A-4 



where M,t = (27r) "ie Of course, here we regard dfigi.(0) as the default measure. Let = ^[uk- 
These equations can be written as 



lB(xt,\) 

Denote by Tk{uk) the integral 



I {2|Vma;|^ - 2ul log Uk-m{\ + log V2^) m^} < -77. 

*J B(. 



I {2\Vukf - luj log Mi - m (1 -I- log V27r) m^} . 



— 1 2 r" —9 

Clearly, is a functional on the space of functions u e W^' {B{xk, 1)) satisfying J^^^_^ m - 1. By 

the result of Rothaus ( Il32l ). we see that has a minimizer (p^, which satisfies the Euler-Lagrange 

equation 

-2^^Pk - 2^pk log ipk-m{\+ log V2^ ipk = hfk- (17) 
On one hand, by the choice of Ak, we have 

Ak = Tin) < T{uk) < -77 < 0. 
On the other hand, integrating (fTT] ) over B{xk, 1) implies 

Ak + m{l -I- log V2^) 
= J 2|V^i|2-2 J ^2 log^^ 

> j2|V^,p-2j^2.(g^|) 

2|V^i|2 --In- fk'" ■ (18) 
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2 

In the third step, we used the fact log x < ^X"' for every positive x. Plug Holder inequality into 
^ yields 



Ak + m{l + log V27r) 

.J.v«P-^(/#f.(/« 



m+1 

2 



m-2 
2m \ 2m 
^m-2 



= j2|V»|--2-g(J»f 

where a is a positive constant to be determined. Apply Lemma l2m we obtain uniform bound for 
the Sobolev constant of B(xk, 1). It follows that 

m-2 

I [ <pf'A "' <Cs [ {<pI + \V^,\'). (20) 
Let = ^ and put (l20l ) into ( fT9l ). we obtain 

Ak + m(\+\og^>{l-a^Cs) J |V<^^f - ^a^c^ + = - ^2 + . (21) 

Recall that Ak < -rj <0, from (|2T1) we see that there exists a constant Ca, which depends on m, Cs , 
such that 

Uk\ < Ca. (22) 
Note that the Euler-Lagrangian equation of cp^ can be written as 

-A(fik ^ 1^ (m + m log V27r + A^) + log <^^j (fk- (23) 

2 

Define ipt = max {(pi^, 1). Since log;c < ^x^ for every x > 0, it follows from (1231 ) that satisfies 
the inequality 

1 / — \ 

- A^^ < - + m log V2^ + + -iff j n (24) 

in the distribution sense. Clearly, we can uniformly bound the L"\B{xk, 2))-norm of 

^ |m + mlog V27r + Aj, + j , 

where m > '-j. Note that B{xu,2) has a uniform Sobolev constant Cj. Then the standard Moser 
iteration implies that 



which in turn impUes 



\\Vk\\cO(B{x,,i)) ^ Ci ^ Ci{m,Cs,CA)- (25) 

Recall that Ricci curvature is uniformly bounded from below on B{xk, 2), the estimate of Cheng- 
Yau (c.f. US, section 6 of 1261) implies that 

< C2(m, d{x, dB{xk, 1))), \fx e B{xk, 1). (26) 

In view of the non-collapsed condition and Ricci lower bound, we have the convergence in the 
pointed Gromov-Hausdorff topology, 

Gromov-Hausdorf f 

(Xk, Xk, gkiO)) > (Xoo, Xoo,goo) . (27) 

Combining (|25] ). (I26l) and (|27] ). we obtain a locally-Lipschitz limit function (fco on B{xco, 1) c Xco 
with ||^^'oo|lcO(e(r„ 1)) ^ Ci. In general, it is hard to expect ifco to be better than a locally-Lipschitz 
function. However, by Theorem 0.8 of llTTl . we know that Zoo is isometric to the Euclidean space 
(R'", gE), which has a lot of excellent properties. We will use these properties to show that (pco has 
much better regularity than a general locally Lipshitz function. 

Claim 1. i^oo can be extended to be a continuous function defined on B{Xoo, 1) with 

foo\dB{x^,l) = 0. (28) 



It suffices to show lim ||^c»IIl"(b(vv r)) - foi' ai'bitraiy w e dB{xoo, 1). 

Fix arbitrary w e dB{xco, 1). Suppose wt e dB{xk, 1) and Wk ^ w as converges to Xco- For 
brevity, define M^^t - OscB(wk,d)i'Pk)- By trivial extension, we can look (p^ as a function defined 
on the whole manifold Xi^. Then define tfrd,k - M2d,k - <Pk- In view of (|23] ). it is easy to see that 
tf/d,k satisfies the inequality 



|- A - ^ (m + m log V2^ + Atfj i/zd. 
M2d,k [m + m log V27r + At) 



2 - iM2d,k - ^d,k) log {M2d,k - ^d,k) 

>-C3 = -C3{m,Cs,CA) (29) 

in the sense of distribution. In other words, t^d,k is a super-solution of the corresponding elliptic 
system. Clearly, in the ball B(wkAd) c B{xk, 10), every geodesic ball's volume ratio is bounded 
from two sides. Apply Proposition I6.1[ we obtain 



{2dr'" f ^d,k<cA inf ^d,k + A- 



(30) 
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B(wk,2d) ^ B(w,2d) 

w 



1 /\ 




G.H.convergence 

B{xk, 1) B{x^, 1) 

Figure 1 : Boundaiy estimates 



By the volume continuity, it is not hard (Figure [D to see that the volume of B{wk, 2d)\B{xk, 1) 
is strictly greater than a fixed portion of the volume of B{wk,2d), which is almost a)m(2d)'". For 
brevity, let's say \Biwk,2d)\B(xk, 1)1 > lQ-"'-oj,„{2dT\ Put this into ^ and note that inf ^|Jdk = 

B(wk4) 

Micik - Md,k, we have lO~'"a},„M2d,k < C4 {M2d,k - Md,k + d^), which implies 

Md,k < (1 - 10-'"C-'a;4) M2d,k + d" = yM2d,k + d\ (31) 
By choosing C4 large, we can assume 7 e (0, 1). Let d = 2~', i > 1. Induction of (|3TI ) yields 

M2-,k < 7^2-,.. , + 4-' < y'-iM: , + 2 y4-+^- ^ y-^M^ , + ^4(4^1 I) ' 



Recall that Mj. ^ < i) ^ Ci. Let ^ 00, we obtain 



Since y e (0, 1), it is clear that (l32l) implies lim ||i/JooIIl»(b(v^ ,■)) - 0- So we finish the proof of 
Claim [D 

Claim 2. /« B{xoo, 1), 1^00 satisfies the following equation 

-2A(^oo - 2^00 log v'oo - (wJ + m log V27r + /loo) v'oo = 0. (33) 

Consequently, if 00 £ C°°(S(;too, 1))- 

Note that B{xao, 1) is a unit ball in the standard R'". In particular, it has smooth boundary. So 
equation (|33] ) is equivalent to the following integration equation 

r (m + m log V2^ + /loo 1 
^oo(z) ^ G{z, y) + log ^00(3^) <Pco(y)dy, (34) 

JBix„,l) V ^ J 



y-i _ 4-'+! 



11 



for every z € B{xoo, 1). Here G is the Green function of the unit ball B{xoo, 1) c R'". Because 
S(xoo, 1) is simple, we can write down G{z,y) explicitly, 

G(z,y) - (d^-'"(z,y) - cf-"\x^,z)S~"'{z\y)) , 

{m - 2)mco,n ^ ' 

whenever z + y- Here z* is the symmetric point of z with respect to dB{xco, 1). If z Xco, z* is the 

point such that Xoo, z,z* on the same straight line and \xooZ.\ ■ \xooZ*\ = 1. If z = Xoo, we assume z* as 

the infinity point. In the later case, we have 

G{xo.,y) = ^- (d^-"\xo.,y) - l) . 

By continuity, for proving (l34l) in B(Zoo, 1), it suffices to show (l34l ) for every z € B{xao, 1)\ {xao\. 
Without loss of generality, we fix an arbitrary point z € B{xco, 1)\ {^oo!- Suppose zk £ B{xk, 1) and 
Zk z.,zle Xk and zl z* (See Figure |2]). 



Zk 



Xk 



G.H.convergence 

B{xk, 1) B{xoo, 1) 

Figure 2: Approximation of Green functions 

Let d be the distance function to the point zk under the metric gki*^)- Note that 

= (2 - m)d~"' (1 - m + d^d) . (35) 



If the underlying space is Euclidean, then the right hand side is equal to whenever d > 0. Now on 

5^ 



Xic, we are focusing our attention around the point Xk, where Ric > -(m - . Clearly, Laplacian 



comparison theorem (c.f. Corollary 1.131 of uM ) implies that 



AJ2-"' + {m - 2){m - l)d^-"'sl > (36) 



on B{xk, 10). It follows that 




< r [Ad^-"' + {m-2){m-l)d^-"'6l] 

JB(xk,l)\Bizk,r) 

< f lAd^-"' + {m-2){m-\)d^-"'6l] 

JB(zu,2)\B{zk,r) 

= {m - 2) [\dB{zk, 2)|2i-'" - \dB{zk, r)\r'-"'] + {m - 2){m - l)6l J (p'-"VB(Zk,p)\) dp 
<{m- 2)\\\dB{zk, - \dB(zk, r)\r'-'"\ + 4(m - l)moj,n6j] . 
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|AJ2-™| 



Consequently, we have 

f 

JB{xt,l)\B 

< r \Ad^-"' + (m - 2)(m - l)d^~'"6l\ + f (m - 2)(m - l)t/i-'"<5- 

< (m - 2) 2)|2i-'" - \dB{zk, r)\r^'"'\ + 8(m - l)mcj„,6] 



Fix ^, let r ^ 0, we have 



/B(.rt,l)\{;tl 

Therefore, we obtain 



f |AJ2-'«| < (m - 2) {||<9fi(z^, 2)12^-™ - mfj„,| + 8(m - l)mw,„5^) . 

JB(xi..mzt] 



f \(PkAd^~'"\ < Cy{m - 2) \\\dB{zk, VQ}'"" - moj„\ + 8(m - l)mcOmSl] 0, (37) 

as — > oo, since the limit space Xoo is Euclidean, where every geodesic sphere has the same 
volume ratio: ma>,„. Consequently, we can calculate 



r d^-"\zk,y)Aipk(y)dy ^ f d^-"\zk,y)An{y)dy 

JB(xk,l) JB(xk,mzk] 

-lim r d^-"\zk,y)AiPk(y)dy 

''^^JB{xk,\)\B(zk,r) 



^ {m - 2)maj,„(fik{Zk) + \ (fk(y)Ad'^ '"{z.k,y)dy. (38) 

JBta,l)\{zt) 

Of course, the default measure in the calculation is dy = d^g,.(o). Combining (UTl ) and (QHJl, we 
have 

lim 1 d^~^'"(zk,y)A(pk(y)dy = (m-2)mco,n(poo{z). (39) 
Note that ^^(^^, •) > uniformly on B(xk, 1). By similar but simpler arguments, we obtain 

lim r d^-'"izl,y)A,fk(y)dy = 0. (40) 

In view of (l39l ) and (l40l ). we have 

(m - 2)maj„(pooiz) 
= lim f \d'-"%Zk, y) - d^-"\xk, Zk)d^~"%zl, y)] A<pk{y)dy 

JB(xk,\) 

= hm r [d'-"\zk,y) - d'-"\xk,zk)d'-'\zl,y)] [ " ^ "^l"g ^ + -^'^ + logy,Cv)]y.(j)^3^ 

= r {^-"(z,,) - ^^-(x.,z)^^-'"(z%,)) . [ "^"^"g^^^- + log^.Cv)]^o.(.)^. 

r (m + m log V27r + /too 1 
= (m - 2)ma;m G{z, y) ■ + log i^ooCv) (Poo(y)dy. 

Jb{x^,i) V ^ ; 
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In the third step, we used the Euler-Lagrangian equation for ipk- In the fourth step, we used the 
integrability of cfi^"^ and uniform bound of ip^. Therefore, we prove (13?! ) for z. By the arbitrariness 
of z e B(jCoo, 1)\ {jCool and continuity, equation (l34l ). henceforth (|33] ) follows directly. Then the 
standard bootstrapping argument for elUptic PDEs implies that ^oo e C°° (B{xoo, 1)). This finishes 
the proof of Claim |2l 

Now we are ready to prove the theorem by a contradiction argument. In fact, since dB(xco, 1) is 
smooth and ip\dB(x^,i) = (Claim[T]), by trivial extension, we can regard i^oo e W^^iM.'") (c.f. Sec- 
tion 5.5 of [.ISil ). It follows from the Logarithm Sobolev inequality of Euclidean space (c.f. EJl ) 
that 



On the other hand, by (l33l ) in Claim|2]and the fact ^oo = outside B{Xao, 1), we deduce that 



Remark 3.1. If the "almost-Euclidean volume ratio" (inequality f li2l )) and "almost nonnega- 
tive Ricci" (inequality diiD ) hold globally, then the rough curvature estimate (inequality f li4D ) 
follows from the combination of Perelman 's pseudo-locality theorem and Levy-Gromov inequal- 
ity(cf. H20\l ). whose proof requires some regularity results in geometric measure theory on closed 
manifolds. There should exist another proof of Proposition \3.1\ from some local version of the 
Gromov-Ivey inequality. However, it seems that some local regularity results in geometric mea- 
sure theory are required. 

Remark 3.2. Except inequality diiP . the "almost nonnegative Ricci " condition can also be inter- 
preted as the LP -integration of negative Ricci part is sufficiently small(c.f. / I30I/ . H31\l }. for som.e 
p > J- Using this interpretation, one can obtain another pseudo-locality theorem. 

Combine Proposition 13.11 with the fundamental work of 161, we obtain the following property. 

Proposition 3.2. There exists a constant So - 6o{m) with the following properties. 

Suppose {{X, g{t)), < t < I] is a Ricci flow solution, xq e X,Q = Bg(o'){xQ, 1). Suppose that 




(41) 




which contradicts to (|4TI ) ! 



□ 



Ric{x, 0) > -(m - l)(5o, V x e Q; lOI^, 



> (1 - So)aJm- 



(42) 



Then we have 



>KS^-, \Rm\{x,s)< 




100 



where k' - /c'(m) is a universal constant. 



Proof. Let's first prove the following Claim. 
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Claim 3. For every small ^ > 0, there exists a number 77 - ri{m, ^) with the following property. 
Suppose Ric(x, 0) > -(m - 1)77 in Q. = Bg(0)(xo, 1), and |f^ld/ij(0) ^ (1 ~ ^)(^m, then 



> (1 - ^)Cl>,„, V J € Bg(0) ( Xq, - 



(43) 



Actually, if this statement was wrong, we can find a sequence of 77,- — > and manifolds 
(Xi, Xi, gi{0)) such that (1421) holds for ?/; and the ball O,- = 5g,(0)(x,, 1). However, for some point 
yi ^ ^g,{0) [xi, t), we have 



< (1 -^)w„ 



(44) 



Suppose (O,-, g;(0)) converges to (Q, x, g^. Clearly, we see that Q. is isometric to the unit ball in 

the Euclidean space R'". Since y, € Bg,(0) (x/, jj, we can assume y,- — > y e b(x, | + c Q. The 
lower bound of Ricci guarantees the continuity of volume. Therefore we have 



lim 8" 



B-Ay^T: 



which contradicts to (|44]) ! This contradiction establishes the proof of Claim |3] 

Let ^ = 6"^ {in, jq^), where 6 is defined by Proposition 13.11 Let 77 = r](m,^) according to 
Claim [2 

Suppose the conditions of Claim [3] is satisfied for 77 - r](m,^). Define g(t) - ^'^g(^^t). Fix 
an arbitrary point y € Bg(0) (xq, |). By volume comparison, inequality (|43] ) and the choice of 
^ yield that {X, y, g(0)) satisfies the initial conditions of Proposition 13.11 In particular, we have 

{y, Vf)|^ ^ i^'t^ , l^"j|^(f)(y) ^ ^ + for every t € (o, e^j. This imphes that for 

every f e (o, ^j, we have 



By a trivial rescaling argument, we conclude 



Define (5o - min \ jq^, i]{m, ^) \. Clearly, Proposition 13 .21 holds for this choice of 6q. 



Now we are ready to prove the pseudo-locality theorem under the normalized Ricci flow. 
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Theorem 3.1 (Pseudo-locality theorem). There exists a constant 60 = 6o{m) with the following 
properties. 

Suppose {{X,g{t)),0 <t< 1) is a normalized Ricci flow solution: - —Ric + A^g, Aq is a 
constant with \Aq\ < 1. Let xq e X,Q. = Bg(Q){xQ, 1). Suppose that 



Ricix, 0) > -{m - l)6o, V X e Q; |a|rf^^,„, > (1 - 5o)w, 



(45) 



Then we have 



Bg^tJx,^/t)\ >Kot"i, 



\Rm\{,x, t)<t'\ V xeQ' = Bg^o) |^o, ^ j ' ^ ^ (0' ^^0], 



where kq - KQ{m) is a universal constant. 



(46) 
(47) 



Proof. Let g{s) = (1 - 2Aos) g ^ '"g^^^^"'"^) ^ Clearly, g{s) is a Ricci flow solution with g(0) = g{0). 
Denote '"g^^ ^'^of-) ^^^y Then we have g{s) = (1 - 2Aos)g{t). By Taylor expansion of t{s) = 



}2Sih^oll^ shrink 60 if necessary, we have ^s < t <3s whenever s e (0, 10<5o). Note that 



which implies 



Bgit) V?) = B,,.o'g(,) {x, ^^t) - {x, . 

If t e (0, ISq], then s e (O, |(5o]. Note that ^(0) ^ g(0). Therefore, Proposition [321 can be apphed 
to obtain the following estimates. 



Bg^t) U^/i)\^ =e-^ Bg(,) [x, 



> 



\Rm\{x,t) = e-'^'>'\Rm\ix,s) < ^s'^ < j^f'^-'^'r^ < r\ 



Bg{s) [x, ysj\ > = Kot2 , 



for every point x eO! = Bg^o) (xq, |) , ? £ (0, 26o]. So we finish the proof of Theorem 13. II □ 



4 Curvature, distance and volume estimates 

Under the Ricci flow, evolution of distance between two points is controlled by the Ricci curva- 
ture. By maximum principle, a scalar-flat Ricci flow solution must be Ricci flat. Therefore, the 
distance between any two points does not depend on the time. In this section, we will develop an 
"almosf'-version of this observation. Fix two points in the underlying manifold of a normalized 
Ricci flow solution. If the normalized scalar curvature is almost zero in the -sense, then the 
distance between these two points are almost fixed by the flow. This new estimate is based on 
Proposition 12.11 Theorem 13. II and the following estimate of normalized Ricci curvature. 
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Lemma 4.1. Suppose {{X, XQ,g{t)), -2 < t < 1) satisfies the following conditions. 



• g{t) satisfies the normalized Riccifiow solution 

d 

where is a constant with \Aq\ < ^q^- Q 

• \Rm\{x, t) < whenever x € Bg(t){xQ, 100), t e [-2, 1]. 

• in j{xo, t) > 100 uniformly for every t e [-2, 1]. 

Then there exists a large constant C - C{m) such that 



1 



\Ric - Aog\(xo, 0)<c{ f f \R- mAoWdt \ . (48) 

I J-2 Jb^(0)(xo,10) 



Proof. For simplicity of notation, we denote Ric - A^g by h, denote R - mAo by H. 

Recall that \h\ satisfies inequality (011. Locally, \Rm\ is uniformly bounded. So we should be 
able to control the L°°-norm of \h\ by the L^-norm of \h\. Actually, define Q = Sg(o)(xo, 1), = 
Bg(o) (^xq, j^, D = Q.X [-1,0], D' = Q.' X 0]. By the second and the third condition, we obtain 
that (Q.,g(t)) has a uniform Sobolev constant cr = cr{m). Similar to Theorem 3.2 of Il42ll . Moser 
iteration for the term h = Ric - Aog implies 

sup \h\ < C{m) I JJ \h\^dfidt^ ' . (49) 

Choose cutoff function fj(y, t) = ^{dg(t){y, ^o)-2), where i/^ is a smooth function which achieves 
value 1 on (-oo,0] and on [l,oo), which also satisfies It/^'l < 2. Recall that \Aq\ < j^;;^. So we 
have 



\l00m2 ' "7*^ ' ' - lOOm' 

whenever V e TX and \Rm\{V, V) < iod„,2 gi^, V). By the evolution of geodesic length, it is easy to 
check that 

n = Bg(o)ixo, 1) c Bg(,)(xo,2), 
Bg(,)(;co,3)c W = Bg(0)(^o,10), 

for every -2 < t < 1. Therefore fj = 1 on Q, 77 = outside W whenever -2 < f < 1. 



' Note that this is not 1 . In our mind, the flow in this lemma comes from the blowup of a general normalized flow, 
so the coefficient Ag could be very small. 
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By mean value theorem of calculus, we can assume ?i, ?2 satisfies the following properties. 

-2<h<-\, r \HW 

Jw 



< ?2 < 1, 



r \Hw 



< r r \H\dfidt< f f \H\dfidt. (50) 

J~2 Jw J-2 Jw 

\H\d^dt< f [ IHldfidt. (51) 

J-2 JW 



< 



Jo Jw 



Using the evolution equation of normalized scalar curvature equation ([5]), similar to the calcu- 
lation in H2II . we obtain that 



\hy-dp.dt 



n 

Jti Jq. 

f f f]\hfd^dt 
Jti Jx 





+ r \H\dii 






t=t2 JW 


t=ti 



Jt, Jw 



\H\djidt 



Note that [-1, 0] c ?2] c [-2, 1]. Combining (EB and ^ yields 



sup|/j|<C<{ rr \h\^dndt\' <c[{ r \HWdt\ , 

D' [JJd } I J-2 Jw 



(52) 



(53) 



where C depends only on the dimension m. □ 

Combine Lemma |4~T] and Theorem 13. 11 we have the following estimate. 
Lemma 4.2. Suppose {{X,XQ,g{t)),0 < f < 1) satisfies all the conditions in Theorem \3.1\ Then 

\Ric - Aog\{x,s) < C{m)s~''^ i^J J \R - mAo\dfidt^ , Vx e Q.' = Bg^o^^xo,^ , s e {0,6q] . 

(54) 



Proof. By Theorem 13. 1[ we have 



\Rm\{x,t) <t\ 



(55) 



for every point y € Bg(0) (^xq, t € (0, 26q]. 

Fix X e Q.' = Bg(o)(;<co, 5), 5 € (0, (Jq]- By (|55] ). the injectivity radius estimate in iTTri yields 



that 



/?i7(-^> ^ ^ 



(56) 



18 



for some constant ^ = ^{m, K{m)) = ^(m) whenever ^ < t <2s. Put 

A - mOm^-^s~-2, g{t) = A^g {A~^t + s) . 
Clearly, g satisfies the evolution equation 

d ~ -7 
— ~g = -Ric + A ^Aog. 
at 

In view of (l55l) and (l56l ). we have injectivity radius estimate and curvature estimate required by 
Lemma |4~T] It follows that 

1^ - A~2/lof f {x,^)<C \ r 1^ - mA~^Ao\ dfidt, 
which is the same as the following inequahty before scaling: 

I 

B,(,,)(^,10A-l) 



\Ric - AQg\^{x, s) < CA'"^'^ I I \R- mAold/udt. (57) 



Recall that in the definition A = lOOOm^ ^ s 2 , lOOOm^ ' is a constant depending only on m. 
Therefore, (|57] ) implies 



\Ric - Aog\{x, s) < C(m)s''^ j f f \R - mAold/udt \ . (58) 

By inequality (l60l ). whose proof is independent, we obtain that 

[x, lOA"') c |x, ^ - C V^J c Bg(0) c %o) 1^0, ^) ^ ^ " -^sio) (^0, 1) ■ (59) 



Then inequality ^ follows from dM]), ([591) and the fact that [s - A'^, s + 2A'^] c [0, 2s]. a 

Recall Proposition 12.11 estimate (l54l ) implies that distance is almost expanding along the flow. 

Lemma 4.3. Suppose {(X, xq, g{t)), < t < 1 ) satisfies all the conditions in Theorem I3.il Then for 
every time to € (0, 60] and every two points xi,X2 € Q.' = Bg(o) (^xq, 5), we have 

dg(ta){xi , X2) > dg(0){x]_ , X2) - C Vfo, (60) 

( m+2 I \ 
y/t^ + tf^ - E'-\, (61) 

where C = C(m) is a universal constant, E - J^^" ^ 1^^ ~ mAo\dfidt. In particular, if E < 6^'*'^, 
then we have 



1 



dg(Sg)(xuX2) > dg(0)(.xi,X2) - CE^c^+i) _ (52) 
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Proof. Let us first prove inequality (l60l) . 

By inequality (|7]) and inequality WT\ . we have 



d 1 ^1 

—dg(t){x\,X2) > -AQdg(fi){xi,X2) -Ct 1, Vf € (0,fo], 



where C is a universal constant. Consequently, we have 



d I ^ia! , 
It ' 

-'o'o 



g{t){xi,X2) \ > -Ce 2 t 2 >-Ct 2, 



^ e 2 dg(to){x\,X2) - dg(o)ixi , X2) > -C y/t^, 

''o'o / . — \ 

^ dg(to)ixi,X2) > e 2 \dg(0){xi,X2) - C V?oj ■ 
If Aq > 0, we have already obtain inequality (l60l ) trivially. If Aq < 0, we have 

dg{to)ixi,X2) > [dg(0)ix\,X2) - C + (e'^ - ij [dg(0)ixuX2) - C V?o) 

> [dg(o)(xi,X2) - C V?o) - Cto \dg(0){xi,X2) - C ^/t^\ 

> {dg(p)ixi,X2) - C V^o) - Cto 

> dg(0){xi,X2) -C^Jt^. 

So we finish the proof of inequality (l60l ). 

We continue to prove inequality (|6TI ). Along the normalized Ricci flow, the derivative of loga- 
rithm of geodesic length is bounded by the term \Ric - AQg\ on the geodesic. Therefore, estimate 
(l54l ) yields the following inequalities. 



log 



It follows that 



dg{So){xi, X2) 



dg{ta){x\_, X2) 



< C I r'^E2dt < CE 



J to 



m+2 m+2 



1 • \dg(0){xi, X2) - Ctl 



dg{0){xuX2) - Ct^ 



dg(So){x\,X2)>dg(to){xi,X2)e '^'0 ' ^ 

> idg(0){xuX2) - Ct^^e 

^ {dg(Q){xi,X2) - C?Q- j + \e 

> ldgiO)ixi,X2) - Ct'^^ - Ct'^^E^- 

(i _m±2 

So we finish the proof of inequality (|6TI ). 

If £■ < (5q ^ , then E'!^ < 6q. Let ?o = E'^ and plug it into inequality (1611) . we obtain inequality 

□ 
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Corollary 4.1. Same conditions as in LemmaMJl If E « 6'^''^, xj e O' - Sg(o) (xq, \), then 

Bgisa) (xi,r-CE^^(i Bg(0) (xi , r) , (63) 
for every < r < ^ - dg(0){xo, xi). In particular, we have 

BgiSo) (^0, r - C£5oiri) j c Bg(o) (xq, r) , V < r < ^ . (64) 

Proof. Direct application of inequality (l62l ). □ 

Intuitively, an almost expanding map which almost fix volume must be an almost isometry. 
This observation can be achieved precisely by Theorem 14.11 However, in order to obtain Theo- 
rem |47T] we first need an estimate to prevent the distance to expand too fast, which is the meaning 
of the following Lemma. 

Lemma 4.4. Suppose {(X, xo,^(?)),0 < ? < 1) satisfies all the conditions in Theorem \3.I\ 
Let Q. = Bg(0)(xo, 1), Q.' = Bg(0) ^xq, jj. For every I < ^, define 



A+j= sup w„,'r '" |%o)(x,r)| 

Bg(0)(.v,r)cn',0<r</ 



If x\,X2 € D." = Bg(o) (xo, jj, I = dg(0)(x\,X2) < |, then we have 
I _ CE^> < dg(s,){xuX2) < I + CA+,4/ 



+ / i;£'2„,(m+3) U (65) 



n26o n 

whenever E^ \ \ \R- mAold/udt « /2("'+3) 
Jo Jn 



Proof. The left hand side of inequality (1651 ) follows directly from inequality (1621 ). So we focus on 
the proof of the right hand side of inequality (l65l) . 

We denote the constant in Lemma 143] by Co and fix it in this proof. All the other C's may be 
different from line to line. 

Among all the geodesic balls in Bg(o)(xi,l), let Bg(o)(x, ro) be the lai^gest geodesic ball (counted 
by radius under g(0)) such that 

Bg(0){x, ro) n Bg(So) (xi , / - CoE^>^ = 0. 

See Figure [3] for intuition. 
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t = 



t = 6o 




red ball = Sg(0)(xi, /) 
green ball = Bg(^ci)i^2, 3ro) 




blue ball = Bg(^„)(xi, / - Co£'^*"'+3') 
yellow ball = Bg(0)(x, ro) 



Figure 3: The relationship among the balls 



Claim 4. The radius ro is bounded from above by the following inequality. 



1+,/ 



+ CI ^^ZC'+S) \ I + Co£'2('"+3) . 



(66) 



By definition, Bg(o){x, ro) and the ball Bg(5o) ^-^i. ' - Cof'^f'"*^) j are disjoint. Moreover, Corol- 
lary I4.1l implies that Bg(Q-){x, ro) U Bg^g^^ (^i , / - CqE j c Bg(^o){xi , I). Therefore, we have 



\BgiO)(x, ro)| 



< 



<Ko)(xi,/)|^^^^^,- 



B 



Co^^'.H 



+ E. 



(67) 



By Corollary 14.11 we have Bgi^g^) {x, ro - CqE ^t^+s) j c Bg(0)(x, ro). Note that ro < / by definition. It 



follows from the definition of A_ / that 



|'Bg(0)(.x,ro)| 



> 



Bg(rfo)bc,ro-Co£*«ri 



> A_,/ ro - Coi'-C"^) 



(68) 
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Plugging dMll into ([67]) yields 

A^j(ro - CqE^J < |%o)(^i,0| 



+ E 



|l -c^r^E^^ 



<A^jr-A^jr\\-CQr'E^)\ +e 



< A^jF" - A^jr\^l - ImCor'E^^j + E 



(69) 



where we use the fact that CqI fizcm+s) << \ jn the third step, last step respectively. By the non- 
collapsed condition at time t = 6o, we obtain that A^j > C{m,K(m)) = c{m). By the definition of 
A_,/, we automatically have < 1. Note also that / '"E « I ^E^^"'+^>. We obtain 



ImCoA-jr^E^^ + r"'E < CA^jV^ET^). 



Combining (TTOI) and ( l69l ) yields 



- 1 



+ Cr^£5o5ri) I I + CqE^^k 



(70) 



(71) 



Note that there is a point X3 € Bj(0)(-X2> 3ro) such that xt, € [xi,l - CqE-('"+^'>^. Otherwise, 
let Q- be a unit speed geodesic (under metric g(0)) connecting x\ and X2 such that a(0) - x\, 
a{l) = X2. By triangle inequality, we can see that 

%o) (a |/ - ^roj , ^roj n 5^(5^) (^i, / - CoE^>^ c Bg(0)(x2, 3ro) n Bg(s,) (xiJ- CqS^o^ j = 0, 

which contradicts to the definition of rg. 

Claim 5. There exists a constant C = C{m) such that 



dg{So)ix2, X3) < CA+,4/ max |3Co£'2(".+3) , roj . 



(72) 



We first consider the case that ro > 3Co£'^<"'+''' . 

Under metric g(0), let y be a shortest geodesic connecting X2, xj,. Clearly, \y\g(o) < 3ro. Under 
the metric gido), y may not be a shortest geodesic. However, it is still a smooth curve. Cover the 
curve y by geodesic balls Bg^g^in, ro) with the following properties. 

.z, ey, V/€{1,--- ,A^}; 
• Sg(ao) (z,-, -l) are disjoint. 
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Since Zi e y, we have Zi € Bg(0)(x2, 3ro) c Bg(o) (;co, 5). Note that ro > BCo-E^cm+s)^ Corollary |4~T] 
implies that 



(73) 



^g(So) [zi, y) c Bg^o) {zi, J + Co^^i-ri) j c Bg(o)fc, ro) c Bg(o)(x2,4ro) 
c Bg(o) ^xo, ^ + 4roj c O' ^ Bg(0) |;co, ^ ^ = -6g(0)(^o, !)• 
Note that Bgc^o) (z;, disjoint, we obtain 

w / r \ 



By the evolution equation of volume form and ^f3[ . we have 



N 



5g(5o)Ui' 



ro 



/ ro 



< E. 



It follows from ^ and (|75l) that 



i V 

g (^.s y) ^^^^^^^ ^ |5.(0)fe,4ro)|,^^^^^ + 

Since ro < /, the definition of A^j, A+j implies the following inequalities. 

^^-4?)"'' V/e{l,...,A^); 
|s,(o)(xi,4ro)L^^^^^<A,,4/(4ro)'". 
Combine (1761 ). (177] ) and (1781 ). we obtain 

^r-; < 4'M+,4/r^' ^E,^N<T (4"'A^,4/ + Sr^") AI^ 
Recall that Bg.^g^^-^izi, ro) is a covering of y. Therefore, d79l ) implies 



(=1 



dgiSo)i^2,X3) < 2Nro < 2'"^' (4"'A+,4/ + £ro'")A:Vo. 



(74) 



(75) 



(76) 



(77) 
(78) 

(79) 



(80) 



On one hand, by (1461) . non-collapsed condition at time t = 60 implies that A_ ^ is bounded from 
above uniformly. On the other hand, A + 4/ is bounded from below in view of the volume compar- 
ison and (05]). Therefore, the fact that ro > 3CoE^^> implies Er~'" < {3CoT'"E^^> < CA+,4/. 
Consequently, we can simplify (l80l) to 



dg{6o)ix2, X3) < CA+,4/ro, 
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1 1 

which is the same as (1721 ) under our assumption r > 3CoE^""+3) . If < 3CoE^('"+^^ , we can repeat 

1 

the previous argument by choosing covering balls of radius ?)CqE^'-"'+^K The details are similar, so 
we omit them. 



Now we can combine Claim |4] and Claim |5] to obtain precise upper bound of dg(So)i^2,^?,)- If 



vq < 3Co£'2('..+3), we obtain 

1 m-l 1 

since E « /2('«+3) jf > 2,CqE^^\ then we have 



< CA+,4/ ■ 



41 ■ 



- 1 



+ Cl l£'2(".+3) I /+ Co^^C'+s) 



1 m-l 1 1 

l + C"'l "• E2'"('"+3) +CqEV'«+i) 



Therefore, triangle inequality yields that 

dg(So)(xi,X2) < dg(So){xuX3) + dgiSo){x^, X2) 
< I - CqE^^ + dg(s,){x3, X2) 



<l + CA 



+.41 ' 



- 1 



+ / m J7 2m("!+3) K /_ 



(81) 



(82) 



(83) 



By refining the estimate in Lemma l44l we are able to prove that the distance is almost fixed 
whenever the normalized scalar- curvature is almost zero. 



Theorem 4.1. Suppose {{X,XQ,g{t)),0 < t < I] satisfies all the conditions in Theorem \3.1\ Then 
for every two points xi,X2 e Q." - Bg^o) (xq, jj, I - dg(o){xi, X2), we have 



I - CE2("*3) < dg(^Sg)ixi,X2) < I + CIE 



1 

3m(m+3) 



(84) 



whenever £ - \ \R- mAold/udt « Here C = C(m, 6o(m)) = C{m). 

Jo Jn 



Proof. The first inequality of (1841 ) is the same as the one in (1651 ). So we only need to show the 
second inequality of (l84l ). 

At time t = 6q, \Rm\ is uniformly bounded, injectivity radius is uniformly bounded from below. 
Therefore, Rauch comparison theorem can be applied to obtain a lower bound of A_ ,-. At time 
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t = 0, Ricci curvature is bounded from below. So the Bishop volume comparison theorem implies 
an upper bound of In short, we have 

< 1 + Cr\ A-,,- > 1 - Cr^ 

whenever r < ^ = ^{m, K{m), 6o{m)) = ^{m). It follows that 



By (l65l) and ([85]), we have 



+ ^ i;£'2m(i+3) I < C |r™ + r ^^i-x-i+sij . (85) 



'3?g(5o)Cyi,3'2y ^ < 1 + c|r™ +r m£:2».(™+3)|, (86) 

whenever 3^1,3^2 e fig(O) (-^o, \) and fi?g(0)Cvi,3'2) ^ r < ^. 

Fix a big integer number N > ^'^1. Let 7 be a unit speed shortest geodesic connecting x\,X2 
such that 7(0) - x\, y{l) = X2. Define Zi - y^A'^"'//). Clearly, zo = xi, zn = -^2- Since 
dg(So){z.i, Zi+\) = N~^l < ^ for every / = 0, • • • , A'^ - 1, it follows from (l86l ) that 



ds(6n){Zi,Zi+\) (22 11 1 1 

N-U ~ I J 



In view of triangle inequality, we obtain 



~ N-H 
which in turn implies that 

dg(So)(x\,X2)r^ < l + ci^N'"-l»- +N"-r«-E^'^>Y (87) 

Let N ~ lE"^) > Then ([87]) yields that dg(Sg){xi, X2)r^ < 1 + CS^^*^. □ 

Based on Theorem 14.11 we are ready to prove a gap theorem. 

Theorem 4.2 (Gap theorem). There exists a big constant Lq = Lo(m) such that the following 
properties hold. 

Suppose {{X, xq, g{t)), < t < 1 j satisfies the same conditions as in Theorem \3.1\ Then for every 
< r < ^, we have 

r-^dcH ((%o)(^o, rlgiO)) , (Bg^So)ixo, r),g(do))) < L^r-^E^), (88) 

whenever E - I I \R- mAoldpdt « r^^'"+^\ Moreover, we have 

Jo JBj(o)(xo,1) 

r-'dcH {{BgiQ){xQ, r), g{0)) , {B(0, r), ^e)) < Lor^, (89) 
whenever E « r^"'('"+^)^ r << 1. Here B{0, r) is the ball with radius r in the Euclidean space K.'". 
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Proof. By (l84l ). we have 

\dg{0){x\,X2) - dg(Sa){x\, X2)\ < C maxlE^'^) ,E^^A < CE^'^) (90) 



for every two points x\,X2 e Sg(o)(xo, |) satisfying <ig(0)(xi,X2) >> Ef^o^+^K In particular, if 

(ig(0)(xi, X2) is comparable with ^amim+s) >> ^ecm+s)^ then (19(3] ) holds. This means that the identity 

map is a CE 3m("+3) -approximation map from (Bg(o) (xq, r) , g(0)^ to (Sg(o) (xq, r) , g((5o))- Therefore, 
we have 

dcH ((Bg(o) (xo, r) , g(0)) , (Bg(0) (xq, r) , g(5o))) < CE^ob^ . (91) 
On the other hand, (l84l ) implies that 

(xo, r - C£5dT3) j c Sg(0) (xo, r) c ^^(^o) |xo, r + C^^hk^ j , 
which in turn yields that 

dcH ((%0) (^0, r) , g(5o)) , (XQ, r) , giSo))) < CE^^ (92) 

by the definition of Gromov-Hausdorff distance. Combine (|9T] ) and (l92l) . we obtain 

dcH {{Bg(0) (xq, r) , g(0)) , (xq, r) , g(5o))) < C£ 3 

whose scaling-invariant form on the left hand side is i 



1 

^ 3m(m+3) 



At time t = 6q, around xo, \Rm\ is uniformly bounded, injectivity radius is uniformly bounded 
from below. Using exponential map, one can construct approximation map from Euclidean ball to 
geodesic ball. It is not hard to see that 

r'dcH {{Bgiso) (xo, r) , giSo)) , (B(0, r), ^e)) < Cr^ (93) 
whenever r is very small. It follows from (|88] ) and ( [89l ) that 

r-'dcH ((Bg(0) (xo, r) , g(0)) , (S(0, r), gg)) < C {r^ + r-i£»)| < Cr^ 

whenever E < r'^>"(>"+^\ Let Lq be the maximum of all the C's that appear in this proof, we obtain 
Theorem l4.2[ □ 

5 Structure of limit space 

This section is devoted to prove the structure theorems, Theorem[T]and Theorem|2l respectively. 
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5.1 Riemannian case 



Suppose {Xi,Xi,gi) is a sequence of almost Einstein manifolds. Let {X,x,g) be the limit space of 
(Xi,Xi,gi), A be the limit of /I,-. In this section, we shall use the estimates developed in previous 
sections to show the structure of X. 

A tangent space {y, y, gj at a point j e X is the pointed-Gromov-HausdorfF limit of (x, y, ej^g) 
for some sequence ej — > 0. A point y € Xis called regular if every tangent cone at y is isometric to 
the Euclidean space (R'", 0, ^e)- A point y € X is called singular if it is not regular, i.e., at y, there 
exists a tangent space {Y,y,gj which is not isometric to the Euclidean space. By the fundamental 
work in [Q, one sees that every tangent space is a metric cone. Moreover, a tangent cone is 
Gromov-Hausdorff close to the Euclidean space if and only if the volume of the standard unit ball 
in the tangent cone is close to a),„, the volume of the unit ball in R'". Under the non-collapsed and 
Ricci lower bound condition, the Hausdorff measure converges whenever the Gromov-Hausdorff 
convergence happens. This inspires us to define the function tl on X x (0, oo) as follows. For 
every point y e X, define U(y,r) ^ a»~V""'|B(j, Since the space X inherits the Bishop- 
Gromov volume comparison property from the limit process, we see that lim'ZY(v, r) is a well 

defined positive number, which we denote by tliy). Clearly, a point y is singular if and only if 
tKy) < 1 . However, by using the special property of almost Einstein limit, this property can be 
improved. 

Proposition 5.1. y e X is a singular point if and only ifUiy) ^ |l ~ j- 

Proof. It suffices to show that y is regular whenever liiy) ^ ~ 

Suppose ^(y) > |l - ^ j. By definition of ^(y), there exists a sequence of pj such that 

o.;,Vt'«|B(3;,p^.)I>(i-^(5o). 

Denote the pointed-Gromov-HausdorfF limit of (x,y,p'^^gj by (Y,y,gj, which is a tangent cone 
of X at the point y. By a careful choice of diagonal subsequence if necessary, we can assume 
{Y,y,gj as the pointed-Gromov-HausdorfF limit of (Xij,yij,p":^gi.y which is a new sequence of 

almost Einstein manifolds. For brevity, we drop some subindexes and look (Y,y,g^ as the almost 
Einstein limit of (Xj,yj, hjj, where hj = P^^gij- By volume continuity, we have 

py''\B{y,pj)\ > oj,„ {l - ^5oJ , ^ \B{yj, l)\d^,„^ > (1 - 5o) 

Cleai^ly, Ric^. > -{m - l)py on Xj. Therefore, Theorem 14.21 applies. Fix an arbitrary small r > 0, 
by inequality ( [89l ). we see that 



r~'dGH ((Bh.iyj, r), hj) , (S(0, r), gs)) < Cr^ ^ r~'dGH ((B^iy, r), g) , (S(0, r), ^e)) < C 



Consequently, every tangent space of F at j) is the Euclidean space R'". On the other hand, we 
already know F is a metric cone with vertex y. These two conditions force that F is isometric to 
R"*. Henceforth, j is a regular- point. □ 
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By some routine argument, the following Corollary is obvious now. 

Corollary 5.1. There exists a constant e = e{m) > with the following property. 

Suppose y € X, {Y,y,gj is a tangent space ofX at y, B{0, 1) is the unit ball in the Euclidean 
space R.'". Then Y is isometric to R'" if and only if 

dcH {{Bgiy, 1), g) , (S(0, 1), ^e)) < e. (94) 

Using the notation of |[6l, Corollary 15. II implies "R = "R^. Therefore, we have separated the 
singular points from the regular points substantially. Then by using regularity results from the 
Ricci flow, we can smoothen the regular part K. 

Proposition 5.2. Suppose y e X is a regular point. Then there exists a constant r = r(y) with the 
following properties. 

• (Bg(y, r), gj is geodesic convex, i.e., every shortest geodesic connecting two points in Bg(y, r) 
cannot escape it. 

• There exist a region D c R'" and a smooth metric tensor gj) on D such that (SgCv, r), gj is 
isometric to (D, go). 

• Ric-giy) - J-giy) = 0. 

Proof. Since y is regular, tliy) = 1. So we can find = roiy) such that ^(y,p) > (l - y) for 

every < p < ro(y). Suppose yi y as {Xi,Xj,gi) converges to (X,x,gy By volume continuity, 
we have for large /, 

r^'" \Bg,(yi,ro)l^^ > (1 - So)a),„. 

Without loss of generality, we choose ro < V^- Let gi = r^^gi, Q.i = Bg.{yi, 1). Then we have 

Ric-g,{x) > -{m - l)rl > -{m - l)<5o, V ^ € Q,-; \Bg,(yi, 1)| > (1 - (5o) cOm- (95) 

So we can apply Theorem 14.21 for the new almost Einstein sequence (X,-,j,-,f;). By (l88l) . it turns 
out that 

hm SdcH ((%(0) {yi, ^) , UO)j , (b|,#o) (vm ^) , f K^o))) - 0. (96) 

Denote the common Gromov-Hausdorff limit of the two sequences of geodesic balls in (l96l ) by 
(^Sco (3'oo, I) >foo)- Note that Bg,(5o) [yi, |) c Bg.(^o) [yi, j) by Theorem |4~T] Therefore, Theorem ITT] 
and Shi's local estimate imply that there exist a small positive number po << min {|, Jq} and large 
positive constants Ck such that 

inf m7g,(5„)(^) » po; sup |V*^/?m| (^) « Q-Pff-^ V ^ e Z+ U {0} . (97) 
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Consequently, {Bg^ CVocPo) >foo) is a convex smooth geodesic ball. Denote h = r^gco- Of course, 
{Bh(yco,ropo) , h) is a convex smooth geodesic ball. By exponential map with respect to h, we 
can find D c R'" and smooth go such that (D, is isometric to (B/, (voo, ?"oPo) > h), which is the 
Gromov-Hausdorff limit of (Biyi, ropo), giiO)). So we finish the proof of the first two properties by 
letting r = tqPq. The last property follows from Lemma l42l Actually, (l95l) guarantees that we can 
apply inequality (l54l) to obtain 

\RiCg, - Aigi\ [ji, darfj = \RiCg_ - Air^gi\ {yi, Sq) < <^ |^ X ~ "^''o'^4,(0 ^ ^' 

where C = C(m, ro, do)- Since g is the smooth limit of gi(6or^) around y, we obtain Ricgiy) = 
A.g(y). □ 



For brevity, for every point x e X, define the volume radius 



rv(x) = max < r > 



mx,r)>\l--do 



(98) 



whenever the set is nonempty. Otherwise, let rv(x) = 0. Define 'V,- = ^x e X\rvix) < r|, the set 
of points whose volume radius is not greater than r. Clearly, "Vq is nothing but the singular- set S. 
Using the notation in 161, for a metric space Z, we assume z* is the vertex of the metric cone C(Z). 
Then for every pair of small positive constants 77, ^ and radius < r < ^, we define 



yeX 



inf s'^dcH {B(y, s), B ((o, z*) , s)) > 77, for all R'^^' x C(Z) 



Note that our is S'^ ^ in lITOl . By Theorem 1. 10 of ifTOll . a standai^d rescaling argument shows 

that for every ^ < 1 and 77 << 1, 



S0;,2^)n.S;74 



< C(m, /c, 77) I - 



2-7; 



whenever y € B{x, 2). Consequently, the non-collapsed condition and a ball-covering argument 
imply that 

B{x, 2) n < C(m, K, j])r^+'>r'^-'>. 



In particular, we have 
Therefore, we can obtain 



B(^,2)n.S^-^) <C{m,K,r])r 



2-v 



\B{x, 2) n < C(m, /c, j])?-"^ 



(99) 



if we can prove "V^ c S'^^^ j^y In fact, this relationship follows from the following Lemma. 
Lemma 5.1. There exists a constant 770 = ?7o('m, k) with the following property. 



30 



Suppose that {Y,g) is an m-dimensional complete Riemannian manifold, Ric{x) > —{m — 1) in 
a geodesic ball B{yo, 2), \B{yo, 1)| > k. IfO < r < rj < r/o and r'''"\B{yQ, r)\ -{^ ~ j ^m, thenfc 
every metric space Z, we have 



or 



^inf ^ s~^dGH (B(yo, s), B ((o, z*) , s)) > rj, (100) 
where z* is the vertex of the metric cone C(Z), (O, z*) € K.'"~' x C(Z). 

Proof. Otherwise, there exist a sequence of positive numbers 77, — > and a sequence of Rieman- 
nian manifolds (Yj,yi,hi) with the given conditions violating the statements. 

• rT'"\B(yi,ri)\df,i,^ ^ (1 - <Jo)^^m for some < r,- < 77,-. 

• There exists Si e {ri,r]i) such that s^^dcHiBiyi, Si),B{^,zl^ , Sij^ < rjj for some R™~^ x 
C(Z,-). 

Let hi = sj-^hj. Denote the pointed-Gromov-Hausdorff Umit of l),yi,hi^ by iB,y,g). By 

limit process, there exists a metric space Z such that 

y = (0,r) e R'"-' X C(Z), B = B((o,r), l) . 

Clearly, every tangent space of y is R"'~^ x C(Z), which must be R"' by [61. Therefore, by the 
continuity of volume, we have 

lim sT'"\Bhfyi, Si)\df^,, = hm \Bj^.(yi, l)\dfj, = u)m, 

which yields 

(1 - ^5o|w„, = lim rr™|S/,,(3'/, > lim sT'"\Bhfyi, Si)lif,i,. = oJm- 

by volume comparison. Contradiction! □ 

Suppose rviy) = 1. Let — > j as (X;, converges to (x,x,gy Applying inequality (|47] ) to 
the flow {{Xi,yi,gi{t)) ,0 < t < 1), we have \Rm\{y) = lim \Rm\g.(Sg)(yi) < 6^^ . By a trivial rescaling 
argument, we see that 

\Rm\(y)mm{rl(y),l]<6-o' (101) 



for every y e "R. Follow the route of llTOl for the Einstein case, we can obtain some bounds of 
curvature integration on K. 

Proposition 5.3. For every < p < I and p>\, we have a constant C - C{m, k, p,p) such that 

[ IRmfdp < C. 

JB(x,p)r\'R 
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Proof. Without loss of generality, we assume p = 1- Fix ?/ < (1 - p), we have 

Si J^^_ \Rm\Pdn < J^^_ min {r'^^ l) < C |l + < C(m, ^, p), 

where we used (|99l) and (IIOII ). □ 
Proposition 5.4. dim<^ S < m-2. 

Proof. It follows from inequality ( |99l l and the fact that dim^ S is an integer. □ 
Combine all the discussions in this subsection, we finish the proof of Theorem[T] 

5.2 Kahler case 

Suppose {Mi,Xi,gi,Ji) is a sequence of almost Kahler Einstein manifolds. Let {M,x,g) be the 
limit space of (M,-, Xi,gi), A be the limit of Ai, M - H^J S be the regular-singular- decomposition. 

It is not hard to see that "R has a complex structure / compatible with g and V^/ = 0. Actually, 
it suffices to prove the existence of such / locally. Fix y e K. Let ro - \rv(y). Suppose j,- 
y as {Mi,Xi,gi) converges to {M,x,g^. By the construction of g, we know that Bg{y,rQ) is the 

smooth limit of {Bg^(Sorl)^i^ ^o), giiSorl)j- Therefore, the complex structure /, on Bg_^g^,.2pi, dor^) 

converges to the limit complex structure /, which is compatible with g and Vg/ = 0. 

For non-collapsed limit of Kahler manifolds with bounded Ricci curvature, it was shown that 
every non-Euclidean tangent cone can split at most 2n - 4 independent lines. The argument was 
based on an 6-regularity theorem(c.f. Theorem 5.2 of [51), which can be improved to obtain the 
following Lemma. 

Lemma 5.2. There exists a constant - ^oin, k) with the following property. 

Suppose {N,yo, h, J) is a complete Kahler manifold of complex dimension n, Ric > -{n - 1) on 
N, \B(yQ, l)\ > K. Suppose for the scales < r < rj < ^o, we have 

• r-2«|S(3;o,r)|-(l-^)a;2„. 

• sup s^~^" I \Ric\dfi < rj. 

r<s<r] JB(yo,Ws) 

Then for every metric space Z, we have 

^inf ^ s-^dcH {B(yo, s), B ((o, z*) , s)) > 77, (102) 

where z* is the vertex of the metric cone C{Z), (O, z*) € R.^""-' x C(Z). 

Proof. The proof follows the same route as that of Lemma [5TT] 

If the statement was wrong, there exist a sequence of scales (r,-, 77,) with 77, — > and a sequence 
of Kahler manifolds {Ni,yi, hi, 7;) with the given conditions violating the statements. 
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r. ^"\B(yi, r,)|rf^,,^. ^ (l - y) <^2n for some < r, < rji. 



• sup s I \Ric\h,d^ih, < T]i. 

ri<s<i]i JB(yi,Ws) 

• There exists Sj e {ri,rii) such that ir'j^;^ ^^(j,-, 5,), S^^O, z*) , i,-)) < t/,- for some R^""^ x 
C{Zi). 

Let hi = sT^hj. Denote the pointed-Gromov-Hausdorff Umit of ^B;- (j,, by (B,y,g). By 

hmit process, there exists a metric space Z such that 

5> = (0, r ) e R^"~^ X C(Z), B = B ((o, z) , l) . 

Like the proof of Lemma l5.1[ in order to obtain a contradiction, it suffices to show that R^""^xC(Z) 
is isometric to R^". Actually, the Kahler condition implies that R^""^ x C(Z) is either R^" or 
R^""^ X C{S t) for some circle with length t e (0, 2n). However, for metric hi, we have 

r IRick^diUf,^ - sf"^^ f \Ric\h,dfiH. < sup s~^"^^ f |/?/c|,, J//,,, < 77,- ^ 0. 

JB;,.(v,,10) JB/,.Cv,.10.v,) ri<s<7ji JB;,.0',,10«) 

This is enough for us to choose good slice where the integration of \Ric\ is as small as possible(c.f. 
Theorem 5.2 of |[9l). Therefore, Chern-Simons theory implies that t = In. Consequently, R^"^^ x 
C(Z) must be isometric to R^" and we can obtain the desired contradiction! n 

Fix the pair (r, rj) such that < r < ij < ^q. Let y be an arbitrary point in B{x, 2) c M, yi € Mi 
such that yi y as (Mi, Xi,gi) converges to (m, Recall that Fi = \Ric + Aigi\g-dfig- 0. 
For every s € (r, rj), we have 



^2-2n 



f \Ric\g_d^g_ < s^-'-" f [\Ric + Aigi\g_+\Ai\^/^]dpg_ 

JBgfi:„lOs) JBj,,(y„10.v) 

r \Ric + Aigilg^diUg, + \Ai\ ^/^(s'^"\Bgfyi, mU^^A 

J Mi 



It follows that 



sup 5^-2" r \Ric\g,dng, < r^-^Ti + 2 • • 10^" • 77^ < 4 • W2„ • 10^" • 77^ < ?/ 



for large /, whenever 77 is chosen very small. Therefore, Lemma 15^ can be applied to obtain that 
"Vr c <Sj"^;J^ on the limit space M. Then we can apply Theorem 1.10 of IIIOII to obtain that 

\B{x,l) n %| < C(7i, 7^,77)7-4-''. (103) 
From here, we can deduce the following two propositions without difficulty. 
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Proposition 5.5. For every < p <2 and p > \, we have a constant C - C{m, k, p,p) such that 

\ IRmfdn < C. 

JB(x,p)rfR 

Proposition 5.6. dim.^ S <m- A. 

Combine all the discussion in this section, we finish the proof of Theorem |2] Moreover, The- 
orem |2] can be improved if we assume \Rm\'g.d^g. < C uniformly for some 2 < p < ov 
we assume n = p = 2. The proofs follow from the combination of the methods described in 
this section and that in ifTOll . Since the proofs do not contain new method and we do not know a 
substantial applications of such results, we omit the details here. 



6 Examples 

In this section, we show two examples of almost Kahler Einstein sequences. The applications 
of the structure theorem (Theorem |2]) are also discussed. Actually, both examples come to our 
attention spontaneously when we try to study the geometric properties of Kahler manifolds. It is 
for this study that we develop the whole paper. 



6.1 Smooth minimal varieties of general type 

A smooth projective variety M is called of general type if the Kodaira dimension of M is equal to 
the complex dimension of M, i.e., 

log dim 
lim ; ; = n. 

A-->c» log k 

It is called minimal if Km is numerically eff"ective (nef), i.e.. Km • C > for every effective curve 
C c M. Suppose M is a smooth minimal variety, then it is easy to see that M admits a Kahler 
Einstein metric if and only if Km is ample, by Yau's solution of Calabi conjecture. Since there are 
a lot of smooth minimal varieties whose canonical classes are not ample, we cannot expect to find 
a Kahler Einstein metric on each smooth minimal variety. However, on each such variety, we can 
construct a sequence of almost Kahler Einstein metrics. 

Theorem 6.1. Suppose M is a smooth minimal projective variety of general type, J is the default 
complex structure. Then there is a point xq e M and a sequence of metrics gi with the following 
properties. 

• lim[;\f,] = -2jtci{M) where Xi is the metric form compatible with both gi and J. 

• (M, Xq, gi, J) is an almost Kahler Einstein sequence. 
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Proof. There exists a nonnegative (1, l)-current with \x\ - -lnc\{M). Fix an arbitrary metric 
form oj on M. Then for every e > 0, 1;^; + ea>] is a positive class. By Yau's solution of Calabi 
conjecture (c.f. H and B3l ). we can find a metric form;^'^ such that Ric(Xe) + Xe - Let gf, be 
the metric tensor compatible with both Xe and /. Clearly, we have 

Ric{g,) + g,>0. (104) 

Then we run the normalized Ricci flow 

d 

QiS--Rrc-g 

from the initial metric g^. Denote the metric form at time t hy Xe,t- Whenever ^ is well defined, 
it satisfies 

\XeA = e'*\xA + (l - e-') \X^ = \X^ + ^e~\oj] > 0. 

Therefore, for every e > 0, the normalized Ricci flow initiating from exists forever(c.f. Il40l 
and 1391). In view of Q, the condition R + n >0 is preserved by the flow. Therefore, we have 



Jo Jm 



\R + n\x",tdt 

M 

1 



= f f {R + n)x1tdt 
Jo Jm 

< J" ^ w A + ti^)"~^j<i? 

= nCe. (105) 
At time ? = 0, we have Ricixe) + Xe which implies 

r \Ric+Xe\x1< r ^{R + n))^^ = e-n^ f u A(x + eojf-' < C(x,oj)nie. (106) 
Jm Jm Jm 

In view of the study of complex Monge-Ampere equation theory (c.f. ||39l ). there exists an alge- 

c°° c°° 

braically defined subvariety S c M such that;\fe — > X,8e — ^ 8 M\S, whenever e — > 0. Since 
g is a smooth metric on M\S, we can choose a small convex geodesic ball B^{xo,2^o) c M\S. 
Let €i 0, gi = gej ■ Then we have 

\Bg,(xo, l)L/^^_. > \Bg_(xo, 2^o)\dM,, > \Bg(xo, ^o)l = k (107) 

for large /. By definition, (11041 ). (I107I ). (1105b and (11061 ) together imply that (M, xo,g;,7) is an 
almost Kahler Einstein sequence. □ 



35 



In the proof of Theorem I6.1[ when oj and xq are fixed, the almost Kahler Einstein sequence 
depends on the choice of the sequence {ed^i- It is natural to ask whether the limit space depends 
on the choice of the sequence (e/l^i- In fact, the answer is no. In |[38l . we proved that every 
limit space [m, x, is the metric completion of {M\S, xq, g), which is independent of the choice 
of Another interesting question is whether M has a variety structure. Generally, we do 

not know the answer although this is expected. However, when (M, J) satisfies the Chem number 

equality |cj(M) ^ ^C2(M)| • c"f^{M) = 0, then M does have a projective variety structure. 

Actually, in |[38l . we will use Theorem |2] to show that M is a global quotient of the complex 
hyperbolic space, henceforth it is a variety. 

6.2 Fano manifolds 

A complex manifold (M, /) is called a Fano manifold if -Km is ample. By the Kodaira embedding 
theorem, such a manifold must be projective and admits a Kahler structure. The existence of 
Kahler Einstein metrics on Fano manifolds is a folklore problem (c.f. fST^ and references therein). 
In 051 . the first author introduced the or-invariant a{M) and proved that Kahler Einstein metrics 
exist whenever a{M) > If we only assume a{M) > then the situation becomes subtle. 
It is not clear whether a{M) > implies the existence of Kahler Einstein metrics. On the 
other hand, the existence of Kahler Einstein metrics implies that Mabuchi's K-energy (c.f. ETl 
for definition) is bounded from below. But there are examples(c.f. |[37l . |[T3l ) where the K-energy 
is bounded from below and Kahler Einstein metrics do not exist. In short, neither a{M) > 
nor the K-energy bounded from below can guarantee the existence of Kahler Einstein metrics. 
However, either of them provides a sufficient condition for the existence of almost Kahler Einstein 
sequences. 

Proposition 6.1. Suppose (M,J) is a Fano manifold, xq € M. Then in the class 2nc\{M), there 
is a sequence of almost Kahler Einstein manifolds (M, xq, gi, J) if one of the following conditions 
are satisfied. 

• «W ^ l^- 

• Mabuchi's K-energy is bounded from below in 2nci{M). 

Before we prove this proposition, let us recall an invariant. Suppose {M, J) is a Fano manifold, 
w is a metric form in the class 2nc\{M). Since every other metric form in the same class can be 
written as, oj^ = u) + ^T-^ddtp for some smooth function on M, it is clear that 

sup \t > \Ric{a)^) > toj^p for some (p e C°°(M) } 

is independent of the choice of oj. For brevity, we denote this invariant by QiM, J), or by 0{M) 
when no ambiguity happens. Under this notation, we have the following theorem. 

Tlieorem 6.2. Suppose (M, J) is a Fano manifold with @{M) = 1, xq e M. Then there is a 
sequence of metrics gi with the following properties. 
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• [ojj] e 2nci{M) where oJi is the metric form compatible with both gi and J. 

• (M, xq, gi, J) is an almost Kahler Einstein sequence. 



Proof. Since 0{M) = 1, for every < a < 1, there is a metric form oja with Ric{oJa) > acoa. Let 
ga be the metric tensor compatible with both and J. Clearly, we have 

Riciga) > aga. (108) 

Let ff,- — > 1, (X),- - a)a-, gi - gar Then we have 

r \RiCg_ - giloj'l < f [\Ric,,-aigi\ + {l-ai)gi]a/l 
Jm Jm 

< V« I {R- nai +n{\- a,)l oJI 
Jm 

= 2n5(l - Oi) ■ (Infc'liM) 0. (109) 
Initiating from gi, we run the normaUzed Ricci flow 

j^g = -Ric + g, 

which preserves the cohomology class InciiM). Since R - n > n(ai - 1) at the initial time, it 
follows from Q that 

{R - ?i)g,(o > -n{l - ai)e' ^ Rg,^,) >n[l-(l- a,)e') . 
Consequently, we have 

r [ \R- n\g_^t)OJl(t)dt -f r R-n{l-{l- a,)e') - n{l - a,)e'| aj';{t)dt 
Jo Jm Jo Jm ^SiiO 

< [ f {R-n{\-(\-ai)e'] + n(\-ai)e']aj1{t)dt 
Jo Jm 



ln{\ - ai) ■ {ln)"c'{{M) ■ f e'dt 

Jo 



= 2n{e - 1) • (Infc'liM) ■ (1 - a,) ^ 0. (110) 

Since a; 1, we can assume a,- > So Bonett-Myers theorem implies a diameter upper 

bound diam^, M < ^/liin. By Bishop volume comparison, we have 



\B{xo, l)|rfp,, \Bixo, Dlrf^^. 



> C{n) ^ |S(xo, 1)L/^^. > C(«, cKM)) ^K, (111) 



which is the non-collapsed condition. Therefore, by definition, (I108I ). (Illll) . (IllOl ) and (11091 ) yields 
that (M,, xo, gi, J) form a sequence of almost Kahler Einstein manifolds. □ 



37 



Note that 0{M) = 1 under either condition of Proposition 16. 1 1 (c.f . |[34ll '). Therefore, Proposi- 
tion |6TT]follows from Theorem 16.21 

In both examples, Theorem 16.11 and Theorem 16.21 the complex structure is fixed. This is of 
course not needed in the set up of almost Kahler Einstein manifolds. Therefore, potentially, we 
should be able to construct almost Kahler Einstein sequences by deforming the complex structure 
and cohomology class simultaneously. It is then interesting to see whether the almost Kahler 
Einstein limit space is independent of the choice of parameter (of complex structures and metric 
forms) sequences. It is also fascinating to ask whether the Umit space has a variety structure. 
These topics will be studied in the future. 
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